Maximally supersymmetric solutions of ten- and eleven-dimensional
  supergravities by Figueroa-O'Farrill, José & Papadopoulos, George
ar
X
iv
:h
ep
-th
/0
21
10
89
v1
  1
1 
N
ov
 2
00
2
MAXIMALLY SUPERSYMMETRIC SOLUTIONS OF
TEN- AND ELEVEN-DIMENSIONAL
SUPERGRAVITIES
JOSE´ FIGUEROA-O’FARRILL AND GEORGE PAPADOPOULOS
Abstract. We classify (up to local isometry) the maximally su-
persymmetric solutions of the eleven- and ten-dimensional super-
gravity theories. We find that the AdS solutions, the Hpp-waves
and the flat space solutions exhaust them.
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1. Introduction and main results
The investigation of string solitons, such as branes, has ushered in
an era of rapid progress in our understanding of nonperturbative string
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theory. At low energies these solitons are described by (often super-
symmetric) solutions of the corresponding supergravity theory. Con-
versely, it is believed that these supergravity solutions can be lifted
to solutions of the full string theory equations of motion, including
all α′ corrections. Equally relevant are the supersymmetric solutions
of eleven-dimensional supergravity, as this is the low-energy limit of
M-theory, itself the strong coupling limit of type IIA string theory.
Despite the huge catalogue of supersymmetric solutions of super-
gravity theories, we are still far from possessing an overall picture of
the moduli space of such solutions and in fact until recently some basic
questions remained unanswered.
The most important invariant of a supergravity background is the
amount of supersymmetry that it preserves, usually labeled as a frac-
tion, traditionally denoted ν, of the supersymmetry of the vacuum. In
eleven-dimensional and type II supergravity theories, this is a fraction
taking values in the set {0, 1
32
, 1
16
, . . . , 31
32
, 1}. At the time of writing it is
now known whether all such fractions can in fact occur, although some
progress has been made recently in the construction of backgrounds
possessing hitherto unseen fractions 1
2
< ν < 1.
This fraction is defined as follows. We are only concerned with so-
lutions of the equations of motion where the fermionic fields are set to
zero. Such a solution is supersymmetric if it is left invariant under some
nontrivial supersymmetry transformations. These transformations are
parametrised by spinors and, since the fermions have been put to zero,
the only nontrivial transformations are those of the fermions them-
selves. The supersymmetric variation of the gravitino ΨM defines a
covariant derivative D which is induced from a connection on the bun-
dle of spinors:
δεΨM = DMε . (1)
The tensor which measures the deviation ofD from the spin connection
∇ depends algebraically on the bosonic fields of the theory. The other
fermionic fields (if any) give rise to algebraic equations of the form, say,
δεψ = Aε , (2)
where A is algebraic (i.e., zeroth order differential operator), itself
depending on the bosonic fields of the supergravity theory. A (real)
spinor ε is called a Killing spinor if it obeys the above equations, keep-
ing in mind that the second equation may not arise if there are no
other fermionic fields beside the gravitino—this happens for example,
in eleven-dimensional supergravity.
Because the above equations are linear, the Killing spinors form a
vector space whose dimension is at most the rank of the spinor bundle
S of which the supersymmetry parameters ε are sections, which for
the theories under consideration will be either 32 or 16. The reason
is that equation (1) says that a Killing spinor is covariant constant
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with respect to the connection D and hence parallel transport uniquely
defines a Killing spinor on all points of the spacetime from its value at
any given point.
Finally, the fraction ν is defined as the following ratio
ν =
dim{Killing spinors}
rank S
.
Equation (1) allows us to define another invariant of the solution
which refines the fraction ν, namely the holonomy representation of the
connection D. This is a refinement of the fraction ν because one can
recover ν from the dimension of the subspace of invariants in the spinor
representation (subject perhaps to the additional algebraic equations),
and because different holonomy representations actually give rise to
the same fraction. If we turn off all fields but the metric, so that
we consider a purely gravitational solution, D coincides with the spin
connection ∇ whose holonomy group is contained in (the spin cover of)
the Lorentz group and, in the case of a supersymmetric background,
must also be contained in the isotropy group of a nonzero spinor. As
shown in [1, 2] for the case of eleven-dimensional supergravity, this
can either be SU(5) or R9 ⋊ Spin(7). In the former case this leads
to static spacetimes generalising the Kaluza–Klein monopole [3, 4, 5],
whereas the latter case corresponds to generalisations of the purely
gravitational pp-wave [6] which involve lorentzian holonomy groups
acting reducibly yet indecomposably on Minkowski spacetime. In ten
dimensions the situation is even simpler and the isotropy group of a
chiral spinor must be contained in R8 ⋊ Spin(7) [2]. When we turn on
the other fields in the background, the analysis of the connection D
is complicated by the facts that D is not induced from a connection
on the frame bundle and that its holonomy is generic. A holonomy
analysis along the lines advocated in [1] has not yet been performed
for supersymmetric solutions with flux. However much progress has
been done in special cases [7, 8] leading to the no-go theorem of [9] for
compactifications with torsion.
In this paper we take a first step in this direction by classifying,
up to local isometry, all those solutions of eleven and ten-dimensional
supergravity theories for which the (restricted) holonomy ofD is trivial;
in other words, we classify the maximally supersymmetric solutions or
vacua.
With the exception of the massive IIA theory which, as we will see
below, has no maximally supersymmetric background, every other su-
pergravity theory in ten and eleven dimensions has a “trivial” vacuum
in which the metric is flat and there are no fluxes. In addition, it has
been known for some time that both eleven-dimensional and type IIB
supergravities have vacua of the form AdSp+2×SD−p−2 [10, 11, 12] for
(D, p) ∈ {(11, 2), (11, 5), (10, 3)}.
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It is now well known that given any solution of a supergravity theory,
its plane wave limit [13, 14] yields another solution which, as proven in
[15], preserves at least as much supersymmetry as the original solution.
It follows that the plane wave limit of a maximally supersymmetric so-
lution will also be maximally supersymmetric. Indeed it was shown
in [16] that taking a plane wave limit of the AdS4×S7 and AdS7×S4
vacua of eleven-dimensional supergravity one recovers the maximally
supersymmetric plane wave discovered by Kowalski-Glikman [17, 18]
and re-discovered in [19] where it was identified as an Hpp-wave; that
is, a plane wave whose geometry is that of a lorentzian symmetric space
[20] and whose fluxes are homogeneous. Similarly, it was also shown
in [16], that a plane wave limit of the AdS5×S5 vacuum of type IIB
supergravity yields the recently discovered maximally supersymmet-
ric Hpp-wave solution [21]. Furthermore, it was also shown in [15]
that other plane wave limits yield either the flat vacuum or again the
known maximally supersymmetric Hpp-waves, so that no further vacua
are obtained in this way. In this paper we will prove that there are no
further maximally supersymmetric solutions in any of the eleven- and
ten-dimensional supergravity theories.1 Our proof consists of a system-
atic investigation of the conditions which follow from demanding that
the curvature of the connection D vanishes. This analysis will in fact
allow us to (re)derive the existence of all the known maximally super-
symmetric solutions. In particular we will derive the Freund–Rubin
ansatz from maximal supersymmetry. It is perhaps remarkable that it
is actually possible to characterise these conditions geometrically and
hence determine exactly all the solutions.
In addition to being a first step in the classification programme of
supersymmetric backgrounds, the study of vacua is physically interest-
ing since every vacuum defines a different stable sector of the theory in
which to study excitations, both perturbative and solitonic. This has
been extensively studied for the flat vacuum and to some extent for
the AdS vacua, but in principle all vacua are to be treated on the same
footing. Moreover the existence of the Hpp-wave vacua and in partic-
ular their interpretation as plane wave limits, has led to new progress
on the AdS/CFT correspondence [23] and in particular has led to a
gauge-theoretic derivation [24] of the spectrum of the IIB superstring
on flat space and on the Hpp-wave, which can be quantized exactly
[25, 26] in the light-cone gauge.
It is natural to wonder whether it is possible to extend this pro-
gramme to solutions which preserve less than maximal supersymmetry,
as there are several classes of such solutions that may have applications
in string theory. For example, strings in Hpp-waves can be quantised
1The AdS solution of type I supergravity found in [22] is erroneously claimed
to be maximally supersymmetric when in fact it preserves only one-half of the
supersymmetry.
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exactly in the light-cone gauge and give rise to free massive theories
in two dimensions[27]. More generally, strings on a larger class of pp-
waves give rise to interacting massive theories in two dimensions [28].
The Hpp-wave ansatz has also proven useful in constructing solutions
with “exotic” fractions of supersymmetry: although the generic Hpp-
wave solution preserves one half of the supersymmetry, there are points
in the moduli space of Hpp-waves besides the one corresponding to the
maximally supersymmetric solution, where 1
2
< ν < 1 [29, 27, 30].
Another interesting class of solutions are those that preserve half of
the supersymmetry and so include all elementary brane solutions as
well as certain non-threshold bound states and other solutions in their
U-duality orbit. The catalogue of such solutions is certainly large and
a classification is not known, but we believe that the systematic ap-
proach advocated in this paper will prove useful in providing, if not a
classification, at least a geometric characterisation of such solutions.
Our approach to the determination of the maximally supersymmetric
solutions is based on the following strategy. Maximal supersymmetry
implies the flatness of the connection D, which becomes an algebraic
equation
[DM ,DN ] = RMN = 0 , (3)
which is supplemented (in some cases) by the algebraic equation A = 0,
derived from (2). The operators RMN and A are endomorphisms of the
spinor representation which can be expanded in terms of antisymmetric
products of gamma matrices of the corresponding Clifford algebra. Due
to linear independence, the coefficients of each antisymmetric product
of gamma matrices must vanish separately. This gives a set of alge-
braic equations which we will analyse and solve yielding the results we
summarise below.
Before we outline the results of the paper, we need to introduce some
notation. Throughout this paper we will use the notation CWD(A) to
denote the D-dimensional lorentzian symmetric space with metric
g = 2dx+dx− +
(
D−2∑
i,j=1
Aijx
ixj
)
(dx−)2 +
D−2∑
i=1
(
dxi
)2
, (4)
where A = [Aij ] is a constant symmetric matrix. More details on these
spaces can be found in [20, 19] and a concrete isometric embedding in
E
2,D can be found in [15]. Similarly we will use the notation AdSD(R)
and SD(R) to denote the D-dimensional anti de Sitter spacetime and
the D-dimensional sphere, respectively, where R stands for the value
of the scalar curvature.
Let us now describe the results of this paper. In Section 2 we will
identify the vacua of eleven-dimensional supergravity up to local isom-
etry and prove the following:
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Theorem 1. Let (M, g, F4) be a maximally supersymmetric solution
of eleven-dimensional supergravity. Then it is locally isometric to one
of the following:
• AdS7(−7R) × S4(8R) and F =
√
6R dvol(S4), where R > 0 is
the constant scalar curvature of M ;
• AdS4(8R)×S7(−7R) and F =
√−6R dvol(AdS4), where R < 0
is again the constant scalar curvature of M ; or
• CW11(A) with A = −µ236 diag(4, 4, 4, 1, 1, 1, 1, 1, 1) and
F = µ dx−∧dx1∧dx2∧dx3. One must distinguish between two
cases:
– µ = 0: which recovers the flat space solution E1,10 with
F = 0; and
– µ 6= 0: all these are isometric and describe an Hpp-wave.
As a corollary we will determine the vacua of type IIA supergravity
and prove the following:
Theorem 2. Any maximally supersymmetric solution of type IIA su-
pergravity is locally isometric to E1,9 with zero fluxes and constant dila-
ton.
Theorems 1 and 2 were announced in [31].
In Section 3 we will determine the maximally supersymmetric solu-
tions of ten-dimensional type IIB supergravity and prove the following
result:
Theorem 3. Let (M, g, F+5 , ...) be a maximally supersymmetric solu-
tion of ten-dimensional type IIB supergravity. Then it has constant
axion and dilaton (normalised to 0 in the formulas below), all fluxes
vanish except for the one corresponding to the self-dual five-form, and
is locally isometric to one of the following:
• AdS5(−R) × S5(R) and F = 2
√
R
5
(dvol(AdS5) + dvol(S
5)),
where ±R are the scalar curvatures of AdS5 and S5, respec-
tively; or
• CW10(A) with A = −µ21 and F = 12µ dx− ∧ (dx1 ∧ dx2 ∧ dx3 ∧
dx4+dx5∧dx6∧dx7∧dx8). Again one must distinguish between
two cases:
– µ = 0: which yields the flat space solution E1,9 with zero
fluxes; and
– µ 6= 0: all these are isometric and describe an Hpp-wave.
The proof of this theorem rests on a conjectured Plu¨cker-style for-
mula for orthogonal planes which we have verified for the case at hand,
and which we believe to hold in more generality. The more general
conjecture as well as its verification in some cases is presented in a
separate article [32].
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Finally in Section 4 we will prove the following two results on the
remaining ten-dimensional supergravities:
Theorem 4. Any maximally supersymmetric solution of type I or het-
erotic ten-dimensional supergravity is locally isometric to flat space with
zero fluxes and constant dilaton.
Theorem 5. Massive IIA supergravity has no maximally supersym-
metric solutions.
As a corollary of the determination of the maximally supersymmetric
solutions of ten- and eleven-dimensional supergravity theories, we can
determine all the maximally supersymmetric solutions of lower dimen-
sional supergravity theories which are obtained as toroidal reductions
from them, or more generally as quotients by a group action. In fact, it
is not hard to show, using the methods in [19], that the only vacua for
these theories are flat with vanishing fluxes and are obtained by quo-
tienting the flat vacua in ten and eleven dimensions by a translation
subgroup of the isometries.
2. Maximal supersymmetry in eleven-dimensional
supergravity
2.1. Eleven-dimensional supergravity. The bosonic part of the ac-
tion of eleven-dimensional supergravity [33, 34] is∫
M
(
1
2
R dvol−1
4
F ∧ ⋆F + 1
12
F ∧ F ∧ A) , (5)
where F = dA is the four-form field strength, R is the scalar curvature
of the metric g and dvol is the (signed) volume element
dvol :=
√
|g| dx0 ∧ dx1 ∧ · · · ∧ dx10 .
The associated field equations of this action are as follows:
d ⋆ F = −1
2
F ∧ F
RMN − 12gMNR = 12F 2MN − 14gMNF 2 ,
(6)
where we have defined the partial contractions
F 2MN =
1
6
FMPQRFN
PQR and F 2 = 1
24
FMNPQF
MNPQ ,
and where
RMN = RMPN
P and [∇M ,∇P ]XN = RMPNQXQ ,
with ∇ the Levi-Civita connection of g, R the curvature of ∇ and
M,N, · · · = 0, . . . , 10. Notice that taking the trace of the Einstein-
type equation we obtain that
R = 1
6
F 2 .
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In order to discuss supersymmetric solutions we have to say a word
about spinors. We will be working with the Clifford algebra
ΓAΓB + ΓBΓA = +2ηAB1 , (7)
with η the mostly plus metric and the indices A,B = 0, . . . , 10 be-
ing frame indices. In the standard notation (see, e.g., [35]) this de-
fines the Clifford algebra Cℓ(1, 10) which is isomorphic to Mat(32,R)⊕
Mat(32,R) and so it has two irreducible representations S± isomorphic
to R32. These are distinguished by the action of the volume element
Γ12 = ±1, respectively. Of course, both S± are isomorphic, as represen-
tations of Spin(1, 10) ⊂ Cℓ(1, 10), to the unique spinor representation
S of Spin(1, 10). In our conventions, the gravitino belongs to S−.
The supersymmetric variation of the gravitino defines the so-called
supercovariant connection
DM = ∇M − 1288
(
ΓPQRSM + 8Γ
PQRδSM
)
FPQRS , (8)
where the spin connection is given by
∇M = ∂M + 14ωMABΓAB , (9)
where we have used the same symbol ∇ to denote the Levi-Civita
connection of g and the associated spin connection.
The supercovariant connection D is a connection of the bundle of
spinors associated to the Clifford representation S−, which is not in-
duced from the frame bundle because of the term proportional to the
four-form F .
A solution of eleven-dimensional supergravity is supersymmetric if
it admits nonzero Killing spinors ǫ defined by
DMǫ = 0 . (10)
The number of supersymmetries preserved by a solution is the max-
imum number of linearly independent Killing spinors. A solution is
maximally supersymmetric if it has thirty-two linearly independent
Killing spinors. This is equivalent to the connection D having triv-
ial holonomy:
Hol(D) = 1 . (11)
Iterating equation (10) leads to the integrability condition
[DM ,DN ]ǫ = RMNǫ = 0 , (12)
where RMN = [DM ,DN ] is the curvature of the supercovariant con-
nection. A necessary condition for maximal supersymmetry is the zero
curvature condition:
RMN = 0 . (13)
This equation can be expanded in a basis of the Clifford algebra (mod-
ulo the centre), which is given by the skew-symmetric products of
gamma-matrices. The requirement that R = 0 implies that every com-
ponent of R in this basis should vanish.
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The zero curvature condition is equivalent to the triviality of the
restricted holonomy of the supercovariant connection: that is, the ho-
lonomy around contractible loops. Hence on a simply-connected space-
time, the zero curvature condition implies the holonomy condition (11).
For a non-simply connected spacetime, the integrability condition (13)
is necessary but not sufficient. In addition one must ensure that the
Killing spinors are either periodic or antiperiodic along noncontractible
loops. In this paper we will focus on local solutions, and this distinction
will not arise.
These necessary and sufficient conditions for the existence of a maxi-
mally supersymmetric spacetime can be easily extended to other super-
gravities. In the ten-dimensional supergravities treated in this paper,
the Killing spinor equation (10) is supplemented by algebraic conditions
coming from the supersymmetry variation of fermionic fields other than
the gravitino which are present in the theory. Therefore to find the
solutions with maximal supersymmetry, these algebraic Killing spinor
equations have to be imposed in addition to the vanishing of the curva-
ture of the supercovariant connection. The additional algebraic Killing
spinor equations do not alter the above discussion of the existence of
Killing spinors in non-simply connected spacetimes.
2.2. The zero curvature equations. In this section we will study the
equations which arise from demanding the vanishing of the curvature
R of the supercovariant connection D. After some computation we find
that (cf. [36])
RMN =
1
4
RMNABΓ
AB − 2
(288)2
FM1...M4FN1...N4ǫMN
M1...M4N1...N4
LΓ
L
+ 48
(288)2
[
4FMLPQF
LPQ
M1Γ
M1
N − 4FNLPQFLPQM1ΓM1M
− 36FLPMM1FLPNN1ΓM1N1 + FL1...L4FL1...L4ΓMN
]
+ 1
36
[∇MFNM1M2M3 −∇NFMM1M2M3]ΓM1M2M3
+ 8
(288)23
[
FM1...M4FN1...N3NǫM
M1...M4N1...N3
L1...L3 − (N ↔M)
]
ΓL1L2L3
− 1
432
[
4FLM1...M3F
L
MNN1Γ
M1...M3N1
+ 3FLPM1M2F
LPN1
NΓ
M1M2
MN1 − 3FLPM1M2F PLN1MΓM1M2NN1
]
− 1
288
[∇MFN1...N4ΓN1...N4N − (N ↔M)]
+ 1
(72)25!
[− 6FMM1...M3FNN1...N3ǫM1...M3N1...N3L1...L5
− 6FMPM1M2F PN1...N3ǫNM1M2N1...N3L1...L5
+ 6FNPM1M2F
P
N1...N3
ǫM
M1M2N1...N3
L1...L5
+ 9FPQM1M2F
PQ
N1N2ǫMN
M1M2N1N2
L1...L5
]
ΓL1...L5 , (14)
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where we have used that
ΓA1...A2k = (−1)
k
(11−2k)!
ǫA1...A2kB1...B11−2kΓ
B1...B11−2k . (15)
Maximal supersymmetry demands that the coefficient of every term in
the above expansion of R in skew-symmetric products of the gamma-
matrices should vanish. This gives an over-determined system of equa-
tions which we now analyse in turn.
2.2.1. Terms linear in Γ. The vanishing of the term in the curvature
of the supercovariant connection linear in the Γ-matrices implies that
F ∧ F = 0 . (16)
Taking the inner product of this condition with respect to a vector field
X , we find that
ιXF ∧ F = 0 . (17)
2.2.2. Terms quadratic in Γ. The vanishing of the term in the curvature
of the supercovariant connection quadratic in the Γ-matrices implies
the following equation:
RMNPQ +
1
36
(
F 2NP gMQ − F 2MP gNQ − F 2NQgMP + F 2MQgNP
)
− 1
12
(
F 2MPNQ − F 2MQNP
)
+ 1
36
F 2 (gMPgNQ − gMQgNP ) = 0 , (18)
where we have introduced the partial contraction
F 2MNPQ =
1
2
FMNRSFPQ
RS .
Tracing the above equation in N,Q we recover the Einstein field equa-
tions
RMN =
1
2
F 2MN − 16gMNF 2 = 0 , (19)
and in particular a relation between the Ricci scalar and the norm of
the four-form:
R = 1
6
F 2 . (20)
It is clear from (18) that if F = 0 the curvature of the spacetime
vanishes. Thus the only such solution is locally isometric to Minkowski
spacetime.
2.2.3. Terms cubic in Γ. The vanishing of the component of R cubic
in Γ is
(∇MFNL1L2L3 −∇NFML1L2L3)
− 1
816
(
FM1...M4FN1...N3NǫM
M1...M4N1...N3
L1...L3 − (N ↔M)
)
= 0 . (21)
This equation can be simplified using equation (17). Indeed, in com-
ponents (17) can be written as
FM [L1L2L3FL4...L7] = 0 . (22)
Substituting this equation back into (21), we find that
∇MFNL1L2L3 −∇NFML1L2L3 = 0 . (23)
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This together with the fact that F is a closed four-form imply it is
parallel:
∇F = 0 . (24)
Observe that the above equation and (16) imply the field equations (6)
of the four-form field strength.
Equation (18) expresses the Riemann curvature tensor algebraically
in terms of F and g, both of which are parallel with respect to the Levi-
Civita connection. This means that the Riemann curvature tensor is
also parallel, and we conclude that a maximally supersymmetric solu-
tion of eleven-dimensional supergravity is locally symmetric. Moreover
equation (24) says that the four-form F is invariant.
2.2.4. Terms quartic in Γ. The vanishing of the component of R fourth
order Γ is
2FL[M1M2M3F
MNL
M4] − 3FLP [M1M2FLPM3 [NδM ]M4] = 0 . (25)
Antisymmetrising in all free indices, we find
FL[M1M2M3F
L
M4M5M6] = 0 . (26)
Antisymmetrising in five of the six free indices in (25), we find
2FL[M1M2M3F
LM
M4M5] − 32FLP [M1M2FLPM3M4δMM5] = 0 . (27)
Next we contract the indices M and M4 in (25) to find
FLP [M1M2F
LP
M3]
N = 0 . (28)
This in turn implies that
FLP [M1M2F
LP
M3M4] = 0 . (29)
2.2.5. Terms quintic in Γ. Let us next investigate the conditions that
arise from the vanishing of the fifth order terms in Γ. These are
− 2FM [P1P2P3FNQ1Q2Q3] − 2FML[P2P3δNP1FLQ1Q2Q3]
+ 2FNL[P2P3δ
M
P1F
L
Q1Q2Q3] + 3δ
MN
[P1P2F|LP |P3Q1F
LP
Q2Q3] = 0 , (30)
where δMNPQ = δ
[M
P δ
N ]
Q . Combining (25), (29) with (30), we find that
FM [P1P2P3FQ1Q2Q3]N = 0 (31)
or equivalently
ιXF ∧ ιY F = 0 . (32)
This concludes the investigation of the various conditions that arise
from the vanishing of the curvature of the supercovariant connection.
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2.3. F is decomposable. To analyse further the conditions that we
have derived in the previous section, we shall use the Plu¨cker relations.
A p-form is said to be decomposable if it can be written as the wedge
product of p one-forms. It is a classical result in algebraic geometry
(see, for example, [37, Chapter 1]) that a p-form F is decomposable if
and only if
ιΞ F ∧ F = 0 (33)
for every (p− 1)-multivector Ξ. In this section we shall show that the
conditions (17) and (32) derived in the previous section actually imply
(33) and hence that F is decomposable. Observe that the converse is
trivially true: if F is decomposable then (17) and (32) are satisfied.
Our starting point is equation (17). Contracting this equation with
another vector field Y , we obtain
ιY ιXF ∧ F − ιXF ∧ ιY F = ιY ιXF ∧ F = 0 ,
where to establish the first equality we have used (32). Contracting
the above equation with another vector field Z, we find
ιZιY ιXF ∧ F = −ιY ιXF ∧ ιZF . (34)
Next contracting equation (32) with a third vector field, we get
ιY ιXF ∧ ιZF = ιXF ∧ ιXF ∧ ιY ιZF = ιY ιZF ∧ ιXF . (35)
Therefore the expression in the right-hand-side of (34) is symmetric in
X and Z, whereas the left-hand-side of (34) is skew-symmetric. This
means that both terms in (34) must vanish separately. In particular
we find that
ιZιY ιXF ∧ F = 0 , (36)
which is precisely equation (33).
With all but equation (18) fully analysed we can already conclude
that a solution (M, g, F ) of eleven-dimensional supergravity is maxi-
mally supersymmetric if and only if (M, g) is a locally symmetric space
and F is parallel and decomposable.
2.4. The local geometries. In this section we narrow down the pos-
sible choices of symmetric spaces that are maximally supersymmetric
solutions of M-theory by exploiting the information that F is a parallel
decomposable form in a (lorentzian) symmetric space. We will achieve
a characterization of the geometry up to local isometry. First recall
that if the four-form F vanishes, the only solution is Minkowski space-
time up to discrete identifications which preserve supersymmetry. In
what follows we assume that F 6= 0.
We will be making use of the classification of lorentzian symmetric
spaces by Cahen and Wallach [20]. They stated the following theorem:
Theorem 6. Let (M, g) be a simply-connected lorentzian symmetric
space. Then M is isometric to the product of a simply-connected rie-
mannian symmetric space and one of the following:
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• R with metric −dt2;
• the simply-connected covering space of D-dimensional (anti) de
Sitter space, where D ≥ 2; or
• an Hpp-wave CWD(A) with D ≥ 3 and metric given by (4).
If we drop the hypothesis of simply-connectedness then this theorem
holds up to local isometry. We will make use of this result repeatedly.
Let (M, g, F ) be a maximally supersymmetric solution. As we have
seen (M, g) is a locally symmetric space, whence locally isometric to
one of the spaces in the list in the above theorem. Every such space
is acted on transitively by a Lie group G (the group of transvections),
whence if we fix a point in M (the origin) with isotropy H , M is
isomorphic to the space of cosets G/H . Let g denote the Lie algebra
of G and h the Lie subalgebra corresponding to H . Then g admits a
vector space decomposition g = h ⊕ m, where m is isomorphic to the
tangent space of M at the origin. The Lie brackets are such that
[h, h] ⊂ h [h,m] ⊂ m [m,m] ⊂ h .
The metric g on M is determined by an h-invariant inner product B
on m. Since the four-form F is parallel, it is G-invariant. This means
that it is uniquely defined by its value at the origin, which defines an
h-invariant four-form on m. Since it does not vanish (by hypothesis)
and is decomposable, it determines a four-dimensional vector subspace
n ⊂ m as follows: if at the origin F = θ1∧θ2∧θ3∧θ4, then m is the span
of (the dual vectors to) the θi. Furthermore, because F is invariant,
we have that H leaves the space n invariant, whence [h, n] ⊂ n, which
means that the holonomy group of M (which is isomorphic to H) acts
reducibly. In lorentzian signature this does not imply that the space
is locally isometric to a product, since the metric may be degenerate
when restricted to n. Therefore we must distinguish between two cases,
depending on whether or not the restriction B|n of B to n is or is not
degenerate.
If B|n is non-degenerate, then it follows from the de Rham–Wu de-
composition theorem [38] that the space is locally isometric to a product
N ×P , with N and P locally symmetric spaces of dimensions four and
seven, respectively. Explicitly, we can see this as follows: there exists a
B-orthogonal decomposition m = n⊕p, with p := m⊥, where [h, p] ⊂ p
because of the invariance of the inner product. Let gN = h ⊕ n and
gP = h⊕p. They are clearly both Lie subalgebras of g. Let GN and GP
denote the respective (connected, simply-connected) Lie groups. Then
N will be locally isometric to GN/H and P will be locally isometric to
GP/H , and M will be locally isometric to the product. The metrics
on N and P are induced by the restrictions of n and p respectively of
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the inner product B on n⊕ p, denoted
Bn = B|n
Bp = B|p . (37)
We shall denote the metrics on N and P induced from the above inner
products by h and m, respectively.
On the other hand if the restriction B|n is degenerate, so that n is
a null four-dimensional subspace of m, the four-form F is also null.
From Theorem 6 one sees (see, e.g., [19]) that the only lorentzian sym-
metric spaces admitting parallel null forms are those which are locally
isometric to a product M = CWd(A) × Q11−d, where CWd(A) is a d-
dimensional Cahen-Wallach space and Q11−d is an (11−d)-dimensional
riemannian symmetric space.
In summary, there are two separate cases to consider:
(1) (M, g) = (N4×P7, h⊕m) (locally), where (N, h) and (P,m) are
symmetric spaces and where F is proportional to (the pull-back
of) the volume form on (N, h); or
(2) M = CWd(A) × Q11−d (locally) and d ≥ 3, where Q11−d is a
riemannian symmetric space.
The first case corresponds to the well-known Freund–Rubin Ansatz,
which we have derived here from the requirement of maximal super-
symmetry. The second case has also been considered before [17, 19].
The Cahen–Wallach metrics are special cases of metrics admitting par-
allel null spinors [2, 1]. This larger class of metrics have appeared in
the supergravity literature, see for example [6].
We now investigate each of these two cases above separately.
2.4.1. The Freund–Rubin Ansatz revisited. We start by reconsidering
the Freund–Rubin Ansatz: (M, g) = (N4×P7, h⊕m), locally. SinceM
is locally symmetric, we can analyze the equations implied by super-
symmetry at the origin of the symmetric space. It is straightforward
to see that the only non-trivial equation that remains to be solved is
(18). Since the spacetime is isomorphic to a product, the curvature of
spacetime decomposes into the curvatures of N and P .
Since F vanishes along P , the curvature of P is
Rabcd = −13R (macmbd −madmbc) , (38)
where a, b, c, d = 1, 2, . . . , 7 label the coordinates of P and R is the
Ricci scalar of M . This shows that P is a space form. If R < 0 then
P is locally isometric to S7 with Ricci scalar RP = −7R, whereas if
R > 0, P is isometric to AdS7 with Ricci scalar −7R.
Similarly the curvature of N is obtained by evaluating equation (18)
along the directions of n. After some computation, we find that
Rijkl = −23R (hikhjl − hilhjk) . (39)
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Thus if R < 0, then N is locally isometric to AdS4 with Ricci scalar
RN = 8R, whereas if R > 0, then N is locally isometric to S
4 with
Ricci scalar RN = 8R. Notice that RP +RN = R, as it should since R
is the scalar curvature of M = P ×Q.
2.4.2. The case of a null four-form. If F 2 = 0, we have shown that
M = CWd(A) × Q11−d, for 3 ≤ d ≤ 11, where Q is a riemannian
symmetric space. Since F is decomposable and null, it must be of the
form
F = dx− ∧ ϕ , (40)
where dx− is (up to scale) a parallel null 1-form, which exists in every
CWd(A), and ϕ is a parallel three-form on M with positive norm:
ϕ2 > 0.
Substituting (40) into the expression of the curvature tensor (18), we
find that the curvature of Q vanishes. Therefore, M is locally isometric
to CWd(A)× R11−d.
The metric on M = CWd(A)×R11−d can be written in local coordi-
nates as follows
ds2 = 2dx+dx− +
9∑
i,j=1
Aijx
ixj(dx−)2 +
9∑
i=1
(dxi)2 .
where A is a symmetric 9 × 9 matrix which is degenerate along the
R
11−d directions. In addition, we can always choose coordinates in R9
in such a way that the parallel, decomposable 4-form F is given by
F = µ dx− ∧ dx1 ∧ dx2 ∧ dx3 ,
where µ is some constant. As shown in [19] this is the ansatz for an Hpp-
wave and as shown in that paper, the only maximally supersymmetric
solution is the one in [17], for which A = −µ2
36
diag(4, 4, 4, 1, . . . , 1).
In summary, we have proven Theorem 1, stated in the introduction.
2.5. Maximal supersymmetry in IIA supergravity. Type IIA su-
pergravity [39, 40, 41] is obtained by dimensional reduction from eleven-
dimensional supergravity. This means that any solution of IIA super-
gravity can be uplifted (or oxidised) to a solution of eleven-dimensional
supergravity possessing a one-parameter subgroup of the symmetry
group such that reducing along its orbits yields the IIA solution we
started out with. If the IIA supergravity solution preserves some su-
persymmetry, its lift to eleven dimensions will preserve at least the
same amount of supersymmetry. This means that a maximally super-
symmetric solution of IIA supergravity will uplift to one of the maxi-
mally supersymmetric solutions of eleven-dimensional supergravity de-
termined in the previous section. Therefore the determination of the
IIA vacua reduces to classifying those dimensional reductions of the
eleven-dimensional vacua which preserve all supersymmetry.
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As explained already in [19], the only such reductions are the reduc-
tions of the flat eleven-dimensional vacuum by a translation subgroup
of the Poincare´ group. This can also be verified by an explicit analysis
of the Killing spinor equations of IIA supergravity.
In summary, this proves Theorem 2, stated in the introduction.
3. Maximal supersymmetry in IIB supergravity
The bosonic field content of IIB supergravity [12, 42, 43] is the met-
ric g, two scalars, two complex three-form gauge potentials {A1, A2 :
A1 = (A2)∗} and a real four-form gauge potential A. The two scalars
parametrise the upper half-plane SU(1, 1)/U(1), the two three-form
gauge potentials {Ai; i = 1, 2} transform as a SU(1, 1)-doublet while A
is a SU(1, 1)-singlet. We follow mostly the notation of [12].
We shall not state the field equations of IIB supergravity here. This is
because, as in the case of eleven-dimensional supergravity that we have
already studied, the conditions for maximal supersymmetry derived
from the Killing spinor equations imply all the field equations. To
continue, we follow [12] and define the fields
PM = −εijV i+∂MV j+
G3 = −εijV i+F j
F5 = dA+
i
16
εijA
i ∧ F j
(41)
where {V ia : i = 1, 2, a = +,−} are SU(1, 1) matrices parameterized
by the two scalars which are SU(1, 1)-doublets under rigid transforma-
tions. In addition V i+ transforms with the standard one-dimensional
complex representation on U(1) under a local transformation and V i−
transforms with its conjugate representation; V i+ = (V
i
−)∗. Moreover
F i = dAi, F is a self-dual five-form and is a singlet under both rigid
SU(1, 1) and local U(1) transformations, and G is a singlet under rigid
SU(1, 1) tranformations but transforms under the local U(1) transfor-
mations.
Next introduce the canonical U(1) connection
Q = −iεijV i−dV j+ (42)
on the coset space SU(1, 1)/U(1). The Killing spinor equations of IIB
supergravity are given by
DMε = DMε+
i
192
FL1...L5Γ
L1...L5ΓMε
+ 1
96
(
ΓM
L1L2L3GˆL1L2L3 − 9ΓL1L2GML1L2
)
ε∗ = 0
ΓMε∗PM − 124ΓMNRGMNRε = 0 ,
(43)
where
DM = ∇M − i2QM , (44)
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QM is the pull-back of the connection of U(1) connection of the coset
on to the spacetime, ε is a complex Weyl spinor, Γ11ε = ε.
There are two types of Killing spinor equations for IIB supergravity.
One is a parallel transport type of equation similar to that we have
investigated in the context of eleven-dimensional supergravity. The
other is an algebraic equation which does not involve derivatives on the
spinor ε. Since we are seeking maximally supersymmetric solutions, the
components of the algebraic Killing spinor equation as expanded in a
basis of the Clifford algebra should vanish. This in particular implies
that
PM = 0 and GMNR = 0 . (45)
Substituting the second equation above into the supercovariant de-
rivative in (43), we find that it simplifies to
DMε = DMε+
i
192
FL1...L5Γ
L1...L5ΓMε . (46)
The strategy that we shall adopt to find the maximally supersym-
metric solutions is to compute the curvature R of the supercovariant
derivative D above as we have done for eleven-dimensional supergrav-
ity. Indeed after some computation, we find that
RMN = FMN +
1
4
RMNPQΓ
PQ + i
192
∇MFNPQRSΓPQRS
− i
192
∇NFMPQRSΓPQRS − 1192FML1L2L3PFNL1L2L3QΓPQ
+ 1
12·642
FLMM1M2M3F
L
NN1N2N3ε
M1M2M3N1N2N3
PQRSΓ
PQRS , (47)
where FMN = − i2(∂MQN − ∂NQM).
3.1. The vanishing of the algebraic Killing spinor equation
conditions. Here we shall show that the conditions (45) of the al-
gebraic Killing spinor equation required by maximal supersymmetry
imply that the two scalars are constant and that F i = 0. This is most
easily seen by fixing the local U(1) symmetry of the coset space. This
has been done in [12] and so we shall not repeat the computation here.
After gauge fixing, the theory has two real scalars parameterized by
the complex scalar B and a complex three three form field strength F .
The final expressions for the relevant fields are the following:
GMNR = f(FMNR − BF ∗MNR)
PM = f
2∂MB
(48)
where f−2 = 1−BB∗, BB∗ < 1. The condition PM = 0 in (45) implies
that the complex scalar field B is constant. The vanishing of G = 0
in (45) implies that FMNR = 0. So the only fields that remain to be
determined by maximal supersymmetry are the metric g and the self-
dual five-form field strength F5. In addition from (41) and (48), the
five-form self-dual field strength is F5 = dA. In particular, F5 is closed
and since it is self-dual, it is also co-closed.
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Another consequence of the algebraic Killing spinor equation is that
the pull-back of the U(1) curvature of the coset space SU(1, 1)/U(1)
on the spacetime vanishes. This can be seen by the formula similar to
those in (48) which expresses the pull-back U(1) connection in terms
of B as
QM = f
2Im
(
B∂MB
∗
)
(49)
Since B is constant, QM = 0.
3.2. The vanishing of curvature conditions.
3.2.1. Terms zeroth order in Γ. This term involves the pull-back of the
curvature of the U(1) connection of coset space on the spacetime, ie
FMN = 0 . (50)
This however vanishes as a consequence of the QM = 0 condition de-
rived in the previous section from the algebraic Killing spinor equations.
So there is no additional condition.
3.2.2. Terms quadratic in Γ. The condition on the quadratic terms in
Γ is the following:
1
4
RMNPQ − 1192FML1L2L3[PF|N |L1L2L3Q] = 0 (51)
Contracting N and Q, we find the Einstein field equations
RMN =
1
96
FML1L2L3L4FN
L1L2L3L4 . (52)
In particular the Ricci scalar vanishes, R = 0, because F is self-dual.
3.2.3. Terms fourth order in Γ. The condition on the fourth order
terms in Γ is the following:
i
192
∇MFNPQRS − i192∇NFMPQRS
+ 1
12·642
FLMM1M2M3F
L
NN1N2N3ε
M1M2M3N1N2N3
PQRS = 0 (53)
In particular the imaginary and real parts of the above equation should
vanish separately. Since F is real, this implies that
∇MFNPQRS −∇NFMPQRS = 0 (54)
and
FLMM1M2M3F
L
NN1N2N3ε
M1M2M3N1N2N3
PQRS = 0 . (55)
Antisymmetrising (54) in the indices M,N, P,Q,R and using that
dF = 0, we find that F is parallel with respect to the Levi-Civita
connection. Combining this fact with equation (51) one concludes that
the curvature tensor is parallel, whence (M, g) is locally symmetric.
The equation (55) can be rewritten in a more invariant form as
ιXFL ∧ ιY FL = 0 . (56)
Next contracting M with P in (55), the resulting equation can be
written as
ιXFL ∧ FL = 0 (57)
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Taking the inner derivation of this equation with respect to the vector
field Y and using the equation (56), we find that
ιY ιXFL ∧ FL = 0 . (58)
Now take the inner derivation of this equation with another vector
field Z. This gives
ιZιY ιXFL ∧ FL + ιY ιXFL ∧ ιZFL = 0 . (59)
Taking the inner derivation of ιXFL ∧ ιZFL = 0 with respect to Y , we
find
ιY ιXFL ∧ ιZFL = ιY ιZFL ∧ ιXFL (60)
which implies that the right hand side of (59) is symmetric in the in-
terchange of X and Y while the left hand side is skew-symmetric. This
implies that both terms in (59) should vanish separately. In particular,
we have that
ιZιY ιXFL ∧ FL = 0 . (61)
This condition (61) is analogous to the Plu¨cker relations which ap-
pear in eleven-dimensional supergravity. It is therefore conceivable that
it should imply a decomposition of the self-dual five-form F . In fact,
it can be shown that equation (61) implies that
F = G+ ⋆G , (62)
where G is a decomposable five-form. This is proven in [32], where we
also state a conjectural generalisation involving p-forms in euclidean or
lorentzian n-dimensional vector spaces, which we verify in low dimen-
sion. Notice that since F is parallel, then so is G.
3.3. The local geometries. We must distinguish between two cases,
depending on whether or not the five-form G in equation (62) is null.
First suppose that G (and hence F ) is not null. An analysis similar to
that presented for eleven-dimensional supergravity shows that the five-
formG induces a local decomposition of (M, g) into a productN5×P5 of
two five-dimensional symmetric spaces (N, h) and (P,m), where G ∝
dvol(N) and hence ⋆G ∝ dvol(P ). Thus again we have derived the
Freund–Rubin ansatz from maximal supersymmetry. Since (M, g) is
lorentzian, one of the spaces (N, h) and (P,m) is lorentzian and the
other riemannian. If the norm of G is positive, then N is riemannian
and P is lorentzian, and vice-versa if G is negative. By interchanging
G with ⋆G if necessary, we can assume that G has positive norm and
hence that N is riemannian.
We continue as in the eleven-dimensional case by analysing the re-
maining condition (51). Evaluating this along the directions of N5, we
find that
Rijkl =
1
16
G2 (hikhjl − hjkhil) , (63)
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whence N is locally isometric to S5. Similarly, evaluating equation (51)
along P , we find that
Rabcd = − 116G2 (macmbd −mbcmad) , (64)
whence P is locally isometric to AdS5. Both AdS5 and S
5 have the
same radii of curvature which are related to the norm of G in the
following way: if S5 has Ricci scalar R, then G = 2
√
R
5
dvol(S5).
Next suppose that G is null. As in the discussion of the eleven-
dimensional case, and using the fact that the only symmetric spaces
with null parallel forms are the CW Hpp-waves, the spacetime is locally
isometric to (M, g) = (CWd(A)×Q10−d, h⊕m), where d ≥ 3, and the
five-form field strength is
F = dx− ∧ ϕ , (65)
where ϕ is a self-dual four-form and dx− is the one-form dual to the
parallel null vector in CWd(A). Evaluating (51) along the directions
of Q10−d, we find that the curvature of Q10−d vanishes because F is
null. An analysis similar to that made for the eleven-dimensional case
reveals that the metric and five-form of spacetime can be written as
ds2 = 2dx+dx− +
8∑
i,j
Aijx
ixj(dx−)2 +
8∑
i=1
(dxi)2
F5 = µdx
− ∧ (dx1234 + dx5678) .
(66)
This is precisely the ansatz used to find the maximally supersymmet-
ric Hpp-wave solution of IIB supergravity [21]. Here we have de-
rived it from the requirement of maximal supersymmetry. In par-
ticular, the maximally supersymmetric Hpp-wave solution occurs for
A = −µ2
16
diag(1, 1, . . . , 1).
This concludes the proof of Theorem 3, stated in the introduction.
4. Maximal supersymmetry in other ten-dimensional
supergravities
In this section we discuss the remaining ten-dimensional supergravity
theories: the heterotic, type I and massive IIA supergravities.
4.1. Heterotic supergravities. The only maximally supersymmetric
solution of heterotic supergravities is the ten-dimensional Minkowski
spacetime with constant dilaton and rest of form-field strengths to van-
ish. This can be easily seen by inspecting the Killing spinor equations
∇+ε = 0
ΓM∂Mφε− 112HMNRΓMNRε = 0
FMNΓ
MNε = 0 ,
(67)
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where ∇+ = ∇ + 1
2
H , H is the NSNS three-form field strength, φ
is the dilaton, ε is a Majorana-Weyl sixteen-component spinor and
F is the curvature of the gauge connection with gauge group E8 ×
E8 or Spin(32)/Z2. (We have suppressed gauge indices). From the
second Killing spinor equation one concludes that φ is constant and
H = 0. The first equation implies that the curvature of the Levi-
Civita connection vanishes and so the spacetime is locally isometric to
Minkowski spacetime. The last Killing spinor equation implies that
the curvature of the gauge fields vanishes and so for simply connected
spacetimes the gauge connection vanishes as well. This proves the
second part of Theorem 4 in the introduction.
4.2. Type I supergravity. Similarly, the only maximally supersym-
metric solution of type I supergravity is Minkowski spacetime. This
again can be easily seen by inspecting the Killing spinor equations
∇Mη + 18HMNRΓNRη = 0
ΓM∂Mφη +
1
12
HMNRΓ
MNRη = 0
FMNΓ
MNη = 0 ,
(68)
where H is the RR three-form field strength, φ is the dilaton, ε is a
Majorana-Weyl sixteen component spinor and F is the curvature of the
gauge connection with gauge group Spin(32)/Z2. (We have suppressed
gauge indices). Again the second Killing spinor equation implies that
φ is constant and H = 0. Then the first implies that the curvature
of the Levi-Civita connection vanishes and so the spacetime is locally
isometric to Minkowski space. The last Killing spinor equation implies
that the curvature of the gauge fields vanishes and so for simply con-
nected spacetimes the gauge connection vanishes as well. This proves
the first part of Theorem 4 in the introduction.
4.3. Massive IIA supergravity. Although Romans’ massive IIA su-
pergravity [44] does admit supersymmetric solutions, e.g., the D8-brane
[45, 46], it has no vacua for nonzero mass parameter. This can be easily
seen by investigating the dilatino Killing spinor equation of the theory:(
∂MφΓ
M + 5
4
me
5
4
φ − 3
4
me
3
4
φBMNΓ
MNΓ11
− 1
6
e−
1
2
φHMNRΓ
MNRΓ11 +
1
48
e
1
4
φFMNRPΓ
MNRP
)
ε = 0 , (69)
where B is the two-form gauge potential, H = dB, F = dC +mB ∧B,
φ is the dilaton and m is the cosmological constant. For maximal
supersymmetry every term in the above Killing spinor equation must
vanish separately. The first term implies that φ is constant, the third
term implies that B = 0 and so H = 0, the last term implies that
F = 0. However the second term cannot be made to vanish because
m is nonzero. In summary, this proves Theorem 5 in the introduction.
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Note that it is not straightforward to take the limit m→ 0 in massive
IIA to recover the usual IIA supergravity. This can only be done after
appropriate redefinitions of the fields.
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